ABSTRACT. In this paper we introduce the notion of the stability of a sequence of modules over Hecke algebras. We prove that a finitely generated consistent sequence associated with Hecke algebras is representation stable.
INTRODUCTION
In order to compare the representations V n of a natural family groups G n , such as symmetric group S n , GL n (Q), SL n (Q), Church and Farb introduced the theory of representation stability in their paper [1] . The idea is mainly to study the consistent sequence of representations V n of groups G n .
Let G n be one of the families S n , GL n (Q), SL n (Q). A sequence of G n -representations • Injectivity: The map φ n is injective.
• Surjectivity: The span of the image of φ n is equal to V n+1 .
• Multiplicities: Decompose V n into irreducible representations as
with multiplicities 0 ≤ c λ,n ≤ ∞. For each partition λ, c λ,n is independent of n.
In order to study the consistent sequence of representations of the symmetric groups S n over a commutative ring R, Church, Ellenberg and Farb introduced and developed the theory of F Imodules in their paper [2] , where F I is the category of finite sets and injective maps. An FI-module over a commutative ring R is a functor from the category F I to the category of R-modules. Thus a sequence of representations of symmetric groups is encoded by a single object F I -module. An
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important result is that a finitely generated F I -module over a field of characteristic 0 can give rise a consistent sequence which turns out to be representation stable [2] . In [3] , Gan and Watterlond researched V I -modules, where V I is the category of finite dimensional vector spaces and injective linear maps. They proved a result about the representation stability for the family of finite general linear groups GL n (F q ). That is, a V I -module over an algebraically closed field of characteristic zero is finitely generated if and only if the consistent sequence obtained from V is representation stable and dim(V n ) < ∞ for each n.
In this paper, we imitate the idea of Church, Ellenberg and Farb [2] to introduce a similar idea for the family of the Iwahori-Hecke algebras. We prove that a finitely generated consistent sequence associated with Hecke algebras is representation stable.
PRELIMINARIES
Let's first list some basic results about Hecke algebras and some notations. Let k be a field of characteristic 0 and q ∈ k which is not a root of unity. The Iwahori-Hecke algebra(or simply the Hecke algebra) H n = H k,q (S n ) of the symmetric group S n is the unital associative k-algebra with generators {T s 1 , T s 2 , . . . , T s n−1 } and relations (
We shall denote H 0 = H 1 = k. Suppose σ ∈ S n and let σ = s i 1 · · · s i l be a reduced expression, which means
and the number l is denoted by l (σ). Denote T σ := T s i 1 · · · T s i l which is an element of the Hecke algebra H n . Then H n is free with k-basis
For each composition λ of n, the standard Young subgroup S λ of S n is defined by S {1,2,...,λ 1 } × S {λ 1 +1,λ 1 +2,...,λ 1 +λ 2 } × · · · × S {λ 1 +λ 2 +···+λ n−1 +1,...,n} . The subalgebra H λ of H n generated by {T σ |σ ∈ S λ } is k-free with basis {T σ |σ ∈ S λ }. This subalgebra is called Young subalgebra.
Let λ = (λ 1 , λ 2 , . . .) be a partition. For any n ≥ |λ| + λ 1 , the padded partition is defined as:
In the case of the Hecke algebra H n that we have assumed, the simple modules of Hecke algebra can be labelled (up to isomorphism) by the set of all partitions of n. For a partition λ and n ≥ |λ| + λ 1 , we denote S λ the corresponding simple H |λ| -module and set S(λ) n := S
is commutative, where τ :
Remark 2.2. F I H -modules together with the above morphisms is an abelian category. Notions such as kernel, cokernel, injection, and surjection are defined by pointwise. The direct sum and tensor product also make sense. For example, let
where σ = σ 1 σ 2 for σ 1 ∈ S {1,2,...,m} and σ 2 ∈ S {m+1,...,n−m} and w ∈ W m . We define a sequence M(W ):
S n , where S n ⊆ V n . We define span(S) n to be the submodule of V n generated by
is the restriction of φ n . This makes span(S) to be an F I H -module.
Definition 2.4. We say that an F I H -module V is generated in degree ≤ n if V is generated by elements of V m for m ≤ n. That is, span( m≤n V m ) = V . Definition 2.5. We say that an F I H -module V is finitely generated if there is a finite set S of the disjoint union V n such that span(S) = V .
Definition 2.6. (Representation stability of consistent sequence)
This sequence is called uniformly representation stable if there exists an integer N such that for each with n ≥ N , the following conditions hold:
• Injectivity: φ n : V n → V n+1 is injective.
• Surjectivity: V n+1 is generated by the image of φ n .
• Multiplicities: V n = λ c λ,n S(λ) n , where the multiplicities c λ,n is independent of n.
This definition of representation stability is in the sense of Church and Farb [1] . They introduced the idea of representation stability for a sequence of representations of groups. An important result in [2] is that a consistent sequence of S n -representations is representation stable can be converted to a finite generation property for an F I -module.
STABILITY DEGREE
In this section, we define the notions of stability degree, injective degree and surjective degree for an F I H -module. For W = (W n ) n≥0 , we will compute these numbers for the F I H -module M(W ). The following lemma shows that M(W ) is similar to the "free object".
Lemma 3.1. If an F I
implies that f = ( f n ) n≥0 is a morphism. From the construction of f and V is generated in degree ≤ d , we know f is an epimorphism.
Given a ≥ 0 and an F I H -module V = (V n , φ n ), we define a sequence Φ a (V ) as follows. Denote by Q n the subspace of V a+n spanned by {T σ v − v |σ ∈ S {a+1,a+2,...,a+n} v ∈ V a+n } for n ≥ 0 and define The following lemma is about double cosets of symmetric group of two Young subgroups. Lemma 3.3. Given a ≥ 0. For n ≥ 0 and m ≤ a + n, let λ n = (m, a + n − m) and µ n = (1, 1, . . . , 1, n) be two compositions of a + n. Denote D µ n ,λ n the representative elements of minimal length of the double cosets S µ n \S a+n /S λ n . Then D µ n ,λ n ⊆ D µ n+1 ,λ n+1 and if n ≥ m, the set D µ n ,λ n is independent of n.
Proof. By Lemma 1.7 in [4] , there is a bijection from the set of row-standard tableaux in T (λ n , µ n ) to D µ n ,λ n . These row-stantard λ n -tableaux of type µ n are determined by the subset of {1, 2, . . ., a} which is in the first row of λ n . Denote the number of the set of row-standard tableaux in T (λ n , µ n ) by T n . From the constructions of λ n and µ n , we have T n ≤ T n+1 . If σ ∈ D µ n ,λ n is the element of minimal length in a double coset S µ n σS λ n , then σ's length is also minimal in the double coset S µ n+1 σS λ n+1 . We obtain that σ ∈ D µ n ,λ n implies σ ∈ D µ n+1 ,λ n+1 . If n ≥ m, the number T n is independent of n. So we complete the proof of the lemma. Proof. For α ∈ S a+n , there exist σ ∈ D µ n ,λ n , β ∈ S µ n and γ ∈ S λ n such that α = βσγ. According to the lemma 1.6 in [4] , these elements can be chosen to satisfy l (α) = l (β) + l (σ) + l (γ). So we have
Then by definition, M(W ) a+n can be decomposed as
where h ∈ H µ n and w ∈ W m . And so From the above lemma we have:
Corollary 3.5. The surjective degree of a consistent sequence is less than its generated degree.
WEIGHT
Assume that q is not a root of unity, then the Hecke algebra H n is semisimple and all the nonisomorphic simple H n -modules are indexed by all partitions λ ⊢ n. For each partition λ, the corresponding irreducible module is denoted by S λ . By the corollary 6.2 in [5] , the branching rule of Hecke algebra is the same as the classical branching rule for S n -representations. The results about the branching rule for S n -representations which stated in [2] (1) Ind
Lemma 4.2. [2]
Let λ be a partition of n and a ≤ n. If V is generated in degree ≤ d , then the weight of V is less or equal to d by the above lemma.
Lemma 4.5. For any partition
Proof. From our previous results, we know the stability degree of M(S λ ) is less than or equal to |λ| and we have:
where µ n = (1, 1, · · · , 1, n) and λ n = (|λ|, a + n − |λ|).
By Lemma3.3 and an easily computing, for σ ∈ D µ n ,λ n there is some k ≤ |λ| such that:
..,|λ|} = S {|λ|−k+1,...,|λ|} .
For any w ∈ S {|λ|−k+1,··· ,|λ|} , there exists u ∈ S µ n such that
. Assume x is an element in S λ , then we have:
So the summands in the decomposition of (4.1) are stable when n ≥ λ 1 . Since S λ /Q λ 1 = 0, then T is not surjective for n = λ 1 − 1. We have completed the proof of the lemma.
NOETHERIAN PROPERTY
In this section we will study the Noetherian property of F I H -modules. Assume that F I Hmodule V is finitely generated, then the degree of V is also finite. Conversely, let V have degree ≤ d . If in addition V n for n ≤ d is finitely generated H n -modules, then V is finitely generated. 
where C a is finitely generated in degree ≤ m − 1.
Proof. As we have computed in the previous sections:
where µ n = (1, 1, · · · , 1, n) and λ n = (m, a + n − m).
′ is the corresponding representative elements of minimal length. So we have:
From the above lemma, we know the degree of S +a M(m) is finite and by lemma3. 
REPRESENTATION STABILITY
The following lemma shows that the representation stable range N < ∞ if the stability degree and weight of an F I H -module are finite.
Assume that V n = λ c λ,n S(λ) n , we need to show c λ,n is independent of n when n ≥ s +m. Because n − m is great or equal to the stability degree and for the first term of the above decomposition applies the induction, we obtain c λ,n is independent of n. Now we state and prove our main theorem about representation stability associated with Hecke algebra. Theorem 6.2. An F I H -module V = (V n , φ n ) is finitely generated if and only if the sequence (V n , φ n ) is uniformly representation stable and each V n is finite-dimensional.
